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In this paper, we present an efficient finite element framework for modeling the finite
deformations of slender magneto-active elastomers (MAE) under applied magnetic fields
or currents. For the convenience of numerical modeling, magnetic field is defined at fixed
spatial coordinates in the background space rather than in the elastic MAEs using mate-
rial coordinates. The magnetic field will vary with free or localized currents while the
spatial distribution of the magnetic field will evolve with the motion or deformation of
the MAE materials, which is actuated by the surface or body forces induced by exter-
nal magnetic fields or equivalent currents. A staggered strategy and a Riks method are
introduced to solve the strongly coupled governing equations of the magnetic field and
displacement field using finite element method. The mesh distortion along the interfaces
between MAE domain and free-space domain is resolved by considering concurrent defor-
mation of the mesh in these two domains. A few 2D numerical examples demonstrate the
validity and efficiency of the developed model for simulating large deformation of MAE
with non-uniform spatial magnetic field under different actuation sources such as free
currents, magnetization or external magnetic field. This framework offers a new solution
strategy for modeling mechano-magneto problems of MAEs and will help rational design
and analysis of MAE-based actuators and soft robotics in the future.

Keywords: Magneto-active elastomer; smart materials; continuum theory; finite element
method; mechano-magnetic interaction; soft robotics.
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1. Introduction

Magneto-active elastomers (MAEs) are soft polymeric materials embedded with
magnetically responsive particles (such as iron particles or tiny permanent mag-
nets) or carried with free currents, which respond to external magnetic fields by
producing large deformations or varying mechanical properties. They have been
increasingly used for many emerging applications such as soft robotics [Hu et al.,
2018], printed untethered soft origami [Kim et al., 2018], magnetically anisotropic
micro actuators [Kim et al., 2011], bistable switches [Hou et al., 2018] and magne-
toactive acoustic metamaterials [Yu et al., 2018]. Recent advances in manipulating
soft matter through magnetic fields have been reviewed in literature [Erb et al.,
2016]. Compared with other kinds of soft active materials like hydrogels and shape
memory polymers, MAEs are able to generate fast response and deformation under
an applied magnetic field, achieving a contactless and remote controlling.

The coupling behaviors of MAE have been extensively studied for a few decades
[Eringen and Maugin, 2012; Pao, 1978; Pao and Hutter, 1975]. In most theories, the
governing equations are developed based on the balance laws in the mechanical and
magnetic fields, including the balance equations of linear momentum, moment of
momentum and work in the mechanical field and the Gauss law and the Ampere’s
law in magnetostatics. The critical challenge for the mechanical-magnetic coupling
problem is to derive the densities of force, couple, and work applied on the MAE
by a magnetic field. A few methods have been developed to efficiently resolve this
issue, such as the two dipole model for polarization and magnetization [Pao and
Hutter, 1975], homogenization on force, couple and work on atomistic composites
[Eringen and Maugin, 2012; Pao and Hutter, 1975], combination of the magnetic
force into “long-range” and “short-range” terms [Brown, 1966], balance of energy
[Kankanala and Triantafyllidis, 2004; Kovetz, 2000], as well as a direct calculation
based on the magnetic force and couple on currents [Dorfmann and Ogden, 2016].
A detailed comparison and remark on the different forms of these terms can refer
to Pao’s review paper [Pao, 1978]. It has been widely accepted that the magnetic
force in the balance equation can be transformed to the divergence of a Maxwell
stress [Danas, 2017; Kankanala and Triantafyllidis, 2004; Metsch et al., 2016] or
a ponderomotive stress [Pelteret et al., 2016; Vogel et al., 2014]. Recently, several
numerical approaches have been proposed to solve the coupled governing equations
of mechanical and magnetic fields, using either commercial software [Bustamante
et al., 2011; Han et al., 2013; Pelteret et al., 2016] or in-house FE codes [Miehe
et al., 2016] and even a coupled BEM-FEM method [Nedjar, 2017]. The developed
theories and numerical models have been utilized to study various behaviors of
MAE, including the instability of a bilayer magnetoelastic film-substrate system
[Danas and Triantafyllidis, 2014], the tunable stiffness of anisotropic MREs with
column-chain magnetoactive particles [Rudykh and Bertoldi, 2013], fast-response
magneto-sensitive hydrogels [Liu et al., 2018a,b] iron-particle-filled magnetorheo-
logical elastomers [Danas et al., 2012], rate-dependent magneto-active polymers
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[Haldar et al., 2016], as well as the nonlinear magnetization behavior of particles
[Metsch et al., 2016].

On the other hand, a few representative experiments have been conducted to
verify the developed theories and numerical methods. For example, Zhao et al.
performed the experiment demonstration and proposed a model for simulating MAE
with hard-magnets embedded in an uniform magnetic field [Zhao et al., 2019]. Psarra
et al. investigated the surface instability of a film-substrate system under external
stimuli of magnetic and mechanical fields [Psarra et al., 2017]. Some research has
explored the governing equations of MAE based on the minimization principle of free
energy function [Ethiraj and Miehe, 2016; Liu, 2014; Miehe et al., 2016], in which
the Euler-Lagrange equations were derived on the condition of its first variation
with respect to state variables vanished. However, choosing a specific form of free
energy function and its related state variables remains controversial because the
selected one may not be able to characterize the real free energy of the problem and
then induce spurious results [Liu, 2014], which is crucial to obtaining admissible
field equations. In addition, Han et al. [2011, 2013] developed an energy approach
similar to the principle of virtual work and employed it to study the field-stiffening
effect of MAEs under an external magnetic field. Recently, these theories have been
extended to the homogenization scheme and are applied to model the macroscopic
response of MAE with microstructures formed by microparticles of different sizes
and distributions [Danas, 2017; Javili et al., 2013; Keip and Rambausek, 2015;
Ponte Castañeda and Galipeau, 2011; Zabihyan et al., 2018]. On the basis of the
homogenization scheme, the magneto-mechanical problem on the specimen scale
has been studied in comparison with experimental results [Keip and Rambausek,
2017].

In most of the studies mentioned above, although the different definitions of
Maxwell stress have been utilized, the balance equations of the linear momentum
and the moment of momentum in mechanical field are overall consistent. Never-
theless, the constitutive equations they employed in the formulations are different
and even controversial. One critical assumption in these works is that the magnetic
induction depends on the deformation gradient, i.e., when the material is deformed,
the magnetic induction will be changed, leading to a two-point first-order tensor.
Actually, there are two parts in the free energy: the mechanical energy and the
magnetic energy [Danas, 2017], both of which are the functions of the deformation
gradient and the magnetic induction (or magnetic field). Thus, the Cauchy stress
is dependent on both deformation gradient and magnetic flux. This results in a
confusing inference that non-magneto-active materials (e.g., plastic and wood, no
currents and no magnetization) will generate residual stresses when subjected to a
magnetic field even if no mechanical force is applied on the materials. Furthermore,
because the stress depends on the magnetic flux, it is challenging to explain the
physical meanings of the boundary conditions. These controversies in the theoreti-
cal aspects may cause some difficulties in developing robust numerical models, such
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as a unified approach for dealing with surface and body currents and magnetization,
numerical deficiency due to mesh distortion at the interface of different domains,
and barriers of extending the model to the pull-in instability problems. In addition,
though modeling strong magneto-mechanical interaction of block MAE has been
done in above mentioned works, rare applications for large bending of slender MAE
were reported due to the challenge for handling mesh distortion near the interface
between MAE and free space. The widely existing snap-through and pull-in insta-
bilities in MAE structures were rarely studied within the finite element framework.
It is of great importance to resolve these issues to help achieve a deep understand-
ing of the coupled mechano-magneto behavior of MAEs and facilitate the rational
design of soft robotics with MAEs.

In this work, we develop a robust finite element solution framework to model
strong magneto-mechanical interaction in MAE, which attempts to model magneto-
actuated large deformation and instability behaviors of slender MAEs within both
uniform and non-uniform magnetic fields. In the theoretical aspect, for the conve-
nience of numerical modeling, we assume the magnetic induction to be an Eulerian
quantity, which is defined at fixed spatial coordinates in the background space rather
than a two-point tensor. In this regard, the derived Cauchy stress is expressed as
a function of the deformation gradient, similar to hyperplastic solids. The mag-
netic forces induced by spatial magnetic induction and free or localized currents
are the driving force for the deformation of the elastic body. Conversely, current
location and current density vary with the deformation of the MAE and thus cause
a re-distribution of the magnetic induction. Therefore, the mechanical responses
and magnetic fields are strongly coupled and intertwined with one another. Start-
ing from the weak form of the balance equations, we have developed a staggered
scheme and a Riks solution scheme to solve the coupled finite element (FE) for-
mulation, where the displacements and magnetic vector potential are introduced as
unknowns. The former one allows the fast verification of the efficiency of the model,
while the latter one can be employed to solve the more challenging snap-through
and pull-in instability problems in mechano-magnetic analysis. The mesh distortion
near the interface between free space and MAE, due to large deformation of MAE,
is handled by simulating concurrent mesh deformation in both MAE and free space.
Analysis on several 2D beam-like MAE structures were performed to demonstrate
its capability to predict large deformation of MAE and concurrent evolution of non-
uniform magnetic field. To our knowledge, among the existing literatures, our model
should be capable to handle the largest deformation degree along with non-uniform
magnetic field distribution in slender MAE structures.

This paper is organized as follows. In Sec. 2, a modified continuum theory to
model the strongly coupling mechano-magnetic behaviors of MAE is presented. The
force, couple and work induced by the magnetic field on an arbitrary volume are
derived and the balance laws in both mechanical and magnetic fields are summa-
rized. Then, a staggered strategy and a Riks-based finite element procedure are
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developed to solve the governing equations in Sec. 3, including the weak forms, lin-
earization and FE discretization of the governing equations. The details for dealing
with the mesh distortion along the interfaces between free space and MAE domain
are addressed. In Sec. 4, a few representative examples are presented to demon-
strate the validity of the proposed framework and methods to predict the coupling
large deformations of MAEs as well as the variations of the magnetic field. Finally,
summary and conclusion are given in Sec. 5.

2. Continuum Theory and Formulations

To simplify the derivation and analysis, in the following sections, we will ignore
the heat and mass transfer inside the MAE domain, and calculate the magnetic
induction in a background space. Thus, the magnetic induction is defined as a
Eulerian (or spatial) quantity at a fixed point in the background space while the
elastic deformation of body is defined as a Lagrangian (or material) quantity at a
solid material point. With these assumptions included, the magnetic induction will
not directly depend on the deformations of the body in the models. The detailed
theory and formulations of the problem are presented as below.

2.1. Kinematics

In a coupled mechano-magnetic problem, the entire solution domain B is composed
of a free-space subdomain Bf and the MAE domain Bm (Fig. 1), i.e., B = Bf ∪ Bm.
The assemble of MAE material points in the reference and current configurations
are given as {y|y = x,x ∈ Bm

R} and {z | z = x,x ∈ Bm}, respectively, where x is
the coordinate of an arbitrary point in the global coordinate system, y and z are
the coordinates of MAE points in the reference configuration Bm

R and the current

Fig. 1. Schematic illustration of the solution domains and boundary conditions for a representa-
tive MAE problem. Bf denotes the free space, Bm stands for the MAE domain, and B = Bf ∪ Bm

is the entire domain for the question.

2050013-5
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configuration Bm, respectively. For simplification, we respectively define the gradient
operators with respect to B, Bm

R , and Bm as

∇(·) =
∂(·)
∂xi

ei, ∇R(·) =
∂(·)
∂yi

ei, ∇C(·) =
∂(·)
∂zi

ei (1)

Since the elastic body is embedded in the background space, we have the fol-
lowing relations

∇(·) = ∇R(·), in Bm
R , and ∇(·) = ∇C(·), in Bm (2)

A one-to-one mapping from Bm
R to Bm for a specific material point at time t

can be defined as z = z(y, t). Then, the deformation gradient is defined as
F = ∂z/∂y = ∇Rz. Thus, the volume element dv and area element da in Bm

R

and Bm are expressed as

dv = JdvR, nda = JF−TnRdaR (3)

where J = detF is the Jacobian, n is the outer normal of the area element da
and the quantities with subscripts ‘R’ refer to those in the reference configuration.
The right Cauchy-Green strain and the Green strain can be respectively defined as
C = FTF and E = 1

2 (C− I), where I is the identity tensor. The velocity gradient
and its symmetrical part are given as

l = ∂v/∂z = ∇Cv, d =
1
2
(l + lT) (4)

2.2. Magnetostatics

In the basic equations of magnetostatics, we consider the total currents as free
currents and localized currents arising from magnetization, which are respectively
represented as body currents inside the MAE and surface currents on its bound-
ary. Such a treatment has been adopted in literature by Brown [1966], in which
he categorized the forces in a magnetic field into three different types as “forces
exerted by current circuits on current circuits, forces exerted by magnetized bodies
on magnetized bodies, and forces exerted by current circuits on magnetized bodies
or vice versa”. He also illustrated the equivalence between the density of magnetic
moment (magnetization) and body and surface currents, which was also employed
in electrodynamics analysis by Jackson [1999].

In our model, since mechanical deformation has no direct influence on magnetic
induction B, we can express B as a function of the coordinates in the background
space, i.e., B = B(x), and ignore the relation of B in different configurations.1 The
governing equations for magnetostatics in B are then expressed as

∇ · B = 0, ∇× B = μ0j (5)

1In most previous literatures, B is expressed as B = J−1FBR, where BR is the magnetic induction
in the reference configuration.

2050013-6
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and the boundary conditions are{
n · �B� = 0, n × �B� = μ0k on ∂Bm

B = 0 on ∂Bf
(6)

where j and k are the total body current density inside Bm and the surface current
density on ∂Bm, respectively. μ0 = 4π× 10−7 H/m is the permeability in free space
and �·� = [·]out − [·]in denotes jump conditions on ∂Bm. With a magnetic vector
potential A, the corresponding magnetic induction can be expressed as

B = ∇× A (7)

For an isotropic MAE, the constitutive equation is given as

B = μ0(H + M) (8)

where H and M are magnetic intensity and magnetization. Then, the total body
current density in Eq. (5) can be rewritten as

j = jf + jm (9)

where the localized and free currents densities are, respectively, expressed as

jm = ∇× M = ∇C × M and jf = ∇× H = ∇C × H (10)

Similarly, the total surface current density satisfies

k = kf + km = n× �H� + n× �M� (11)

A similar treatment on M as equivalent currents jm and km was employed in previous
studies [Brown, 1966; Jackson, 1999].

Remark 1. Though the magnetic induction B at the spatial point does not change
with the deformation, this is not true for the magnetization and the currents in the
elastic body. The localized currents generated from magnetization should be affected
by the deformation. Therefore, following previous work, the relation between cur-
rents in different configurations are given as

j = J−1FjR, k = F−TkR (12)

where the quantities with subscripts “R” refer to those in Bm
R . The magnetizations

in different configurations are related by MR = FTM, and it is proved that

jmR = ∇R × MR (13)

Remark 2. From Eqs. (10) and (12), the localized body current jm vanishes in both
reference and current configurations, i.e., jmR = jm = 0, in a uniform magnetization
field. The localized surface current can be calculated by km = n × �M� and can be
rewritten as km = −n× Min due to no magnetization in the free space, where Min

is the magnetization of MAE on ∂Bm. These relations can be used to simplify the
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magnetization in MAE as equivalent currents, like the cases of permanent magnets
or soft ferromagnetic particles.

2.3. Force, couple and work applied by magnetic field

In this section, we consider magnetic force, couple and work of an arbitrary volume
element Ω of MAE in Fig. 1. The governing equations for magnetostatics in Ω are
expressed as {∇ · B = 0, ∇× B = μ0j

n · B = n · Bout, n× B = −μ0km on ∂Ω
(14)

where Bout is the prescribed magnetic induction on the boundary ∂Ω. Due to the
presence of the surface and body currents, km and j, the magnetic field exerts
Ampere’s forces on Ω, which can be expressed as

fm =
∫

∂Ω

km × Bda+
∫

Ω

j × B dv (15)

with the relation km = −n × M and integrating the term of surface integration by
part, we can obtain

fm =
∫

Ω

∇C · (−M ⊗ B + (M · B)I) + j × B dv (16)

Furthermore, considering ∇× B = μ0j in Eq. (5), fm can be further expressed as

fm =
∫

Ω

∇C · (−M ⊗ B + (M · B)I +
1
μ0

(B ⊗ B) − 1
2μ0

(B · B)I)dv (17)

or

fm =
∫

Ω

jf × B + (∇B)TMdv (18)

It is noted that Eqs. (17) and (18) have been obtained by different methods in
previous research [Eringen and Maugin, 2012; Maugin, 2013] and widely accepted
as the magnetic force applied on a volume element of MAE [Dorfmann and Ogden,
2016]. Similarly, for the magnetic couple on Ω, we obtain

cm =
∫

∂Ω

x × (km × B)da+
∫

Ω

x × (j × B)dv (19)

Integrating the first term on the right hand by parts leads to

cm =
∫

Ω

x × [div(−M ⊗ B + (M · B)I) + j× B] + M × B dv (20)

The work of magnetic field in the domain Ω can be divided into two parts: one done
by magnetic force and the other one induced by the change of magnetic flux. The
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work done by the magnetic force on a velocity field v can be calculated as

ẇm1 =
∫

∂Ω

(km × B) · v da+
∫

Ω

(j × B) · v dv

=
∫

Ω

[j × B + div(−M ⊗ B + (M · B)I)] · v dv

+
∫

Ω

[−M ⊗ B + (M · B)I] : ldv (21)

where v is assumed to be very small in the quasi-static case considered in this work.
To get the work (or energy change) by the change of magnetic flux, we multiply
∇ × B = μ0j in (14) with Ȧ and integrate it by part over the domain Ω, thus
obtaining∫

Ω

Ȧ · (∇× B)dv =
∫

Ω

Ḃ · B dv −
∫

∂Ω

μ0Ȧ · km da =
∫

Ω

μ0Ȧ · j da (22)

The boundary conditions in Eq. (14) and the relation Ḃ = ∇ × Ȧ are used in the
derivation of the above equation. If we ignore the body charge term in the Faraday’s
law, i.e., ∇× E + Ḃ = 0, with E the electrical intensity, it will have E = −Ȧ after
using Ḃ = ∇× Ȧ. Thus, Eq. (22) can be rewritten as∫

Ω

1
μ0

Ḃ · B dv = −
∫

∂Ω

E · km da−
∫

Ω

E · j da (23)

It is found that Eq. (23) can be reduced to the Ponying’s theorem in the case
of km = 0 if the energy change from the electrical field is ignored. The terms
on the right hand can be interpreted as “generalized work” done by the external
(equivalent) currents, while the one on the left hand is the energy change of the
magnetic field. Thus, the second part of the work can be expressed as

ẇm2 =
∫

Ω

1
μ0

B · Ḃ dv (24)

This energy change in magnetic field is the same as that in the free space derived
by Jackson [1999]. It is noted that the integration domain Ω for Eqs. (22)–(24) is
the background space, although it overlaps the same spatial points as the elastic
body (see Eq. (21)). Therefore, ẇm2 cannot be included in the balance law of the
energy in the elastic body.

Based on above derivations, we can define the energy density of the magnetic
field as

ψm =
1

2μ0
B · B (25)

and the corresponding constitutive equation

M + H =
B

μ0
=
∂ψm

∂B
(26)
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Here the magnetic induction and energy itself have no direct relation with the elastic
deformation, and thus disappear in the constitutive equation for the Cauchy stress.

2.4. Balance laws in the mechanical field

In this section, we consider the balance law in the domain Ω for the mechanical field.
By ignoring the inertial effect, the integral form of the balance of linear momentum
is given as

fm +
∫

Ω

fb dv +
∫

∂Ω

ts da = 0 (27)

where fb and ts = σT
s n are, respectively, the body force per unit volume and the

surface traction, and σs is a stress tensor caused by surface traction. Using Eq. (16)
and integrating the terms related to ∂Ω in Eq. (27) by part, the local form of balance
of linear momentum can be obtained as

divσT + fb + j× B = 0 (28)

where σT = σT
s − M ⊗ B + (M · B)1 is the Cauchy stress. It is noted that, for the

convenience of later use, the effects of the magnetic body force j×B are not included
in the Cauchy stress. It can be easily verified that σTn = ts + km × B, where the
summation in the right-hand side represents the total surface traction from both
mechanical and magnetic fields.

Using Eqs. (20) and (28), the integral form and local form of the balance of
momentum are respectively expressed as

cm +
∫

Ω

x × fb dv +
∫

∂Ω

x × ts da = 0 (29)

and

E : σT
s + M × B = 0 ⇔ E : σT = 0 ⇔ σ = σT (30)

where E is the three-dimensional Levi-Civita symbol, and the Cauchy stress σ is
symmetric. From Eqs. (21)–(24), the balance of energy in Ω for the elastic body can
be given as

d
dt

∫
Ω

ψ dv = ẇm1 +
∫

Ω

fb · v dv +
∫

∂Ω

ts · v da (31)

where Ψ the strain energy at an arbitrary material point of the elastic body in
Ω. Combining the balance equations in Eqs. (28) and (30), its local form can be
derived as

ψ̇R = P : Ḟ (32)

where ΨR = JΨ is the strain energy density in Bm
R , and P = 1

J σFT is the first
Piola-Kirchhoff stress. The physical meaning of Eqs. (31) and (32) is the same as
the classical theory of mechanics of hyperelastic solids, i.e., the work done by the
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total external forces is equal to the change of the total strain energy of the material.
Therefore, the constitutive equation for the deformation field can be defined as

P =
∂ψR

∂F
(33)

The energy change in the mechanical and magnetic fields, i.e., Eqs. (25) and (32),
are independent of each other due to the previous assumptions for B, thus P is not
directly related to B. This constitutive framework is similar to the one developed
by Kalina et al. [2016] for modeling the coupled mechano-magnetic behaviors of a
linearly elastic MAE. Therefore, based on above derivations, the governing equations
for the MAE problem shown in Fig. 1 can be presented as follows:

mechanical field :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

∇CσT + fb + j × B = 0, σ = σT in Bm

σ = J
∂ψR

∂F
F−T

u = us on ∂Bmu

σn = ts + k × B on ∂Bm

(34)

and

magnetic field :

⎧⎪⎪⎨
⎪⎪⎩

B = ∇× A, ∇× B = μ0j

n · �B� = 0, n × �B� = μ0k, on ∂Bm

A = Ā, on ∂Bf

(35)

where us is the prescribed displacement on ∂Bmu, ts is the mechanical surface
traction, k = kf + km is the total surface current consisting of the free current kf

and the magnetization current km = −n × M. From Eqs. (34) and (35), it can be
concluded that, in modelling MAE, the magnetic forces on the body and the surface
currents deform the elastic body, while the deformation of MAE in turn changes
the location and the magnitude of induced currents as well as the redistribution of
magnetic flux in the background space.

Remark 3. The surface current kf should exist in the surface electromagnetic
conductor (e.g., conductive wires or electrode on ∂Bm), and thus a magnetic force
kf ×B will exert on its surface, rather than directly on Bm. However, we ignore the
stiffness of the surface conductor in this work, and thus kf × B can be treated as a
force applied directly on Bm.

Remark 4. Equation (35) is applicable to the cases with a prescribed M, e.g., a
MAE with embedded hard-magnets. However, for materials with “soft” ferromagnet
particles (e.g., annealed iron), M is induced in the magnetizing process by external
magnetic field. If we use a linear relation M = χH, where χ is magnetic susceptibility,
based on Eq. (8), we can obtain B = μ0μH and M = μ−1

μμ0
B, where μ = 1 + χ is
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the relative permeability. Thus, the Ampere’s law in magnetostatics will become
∇× B = μμ0jf in this case.

3. Implementation of Finite Element Method

3.1. Weak form and linearization

The weak form for the governing equations Eq. (34) in the mechanical field can be
expressed as

δW1 = −
∫
Bm

(∇CσT + fb + j × B) · δu dv

=
∫
Bm

σ : δd dv︸ ︷︷ ︸
δW1,int

−
∫
Bm

(fb + j × B) · δu dv −
∫

∂Bmt

ts · δu da−
∫

∂Bm
(k × B) · δu da︸ ︷︷ ︸

δW1,ext

(36)

where δu is the virtual displacement, and δd = 1
2 (δl + δlT) with δl = ∇Cδu. This

equation is almost the same as the one for classical hyperelasticity, except for the
terms related to the magnetic forces on the currents in δW1,ext. The internal virtual
work can be alternatively expressed in the reference configuration as

δW1,int =
∫
Bm

σ : δd dv =
∫
Bm

R

P : δF dvR (37)

Ignoring the linearization terms related to δW1,ext, the increment form of δW1

follows:

ΔδW1 = ΔδW1,int =
∫
Bm

R

ΔF : C : δF dvR (38)

where ΔF = ∇R(Δu), δF = ∇R(δu), Δu is the increment of the displacement
vector, and C is the forth-order tangent modulus

C =
∂2ψR

∂F⊗ ∂F
(39)

Using Eq. (7), the virtual work equation for the governing equation Eq. (35) in a
magnetic field becomes

δW2 =
∫
B

1
μ0
δB · B dv︸ ︷︷ ︸

δW2,int

−
∫
B
δA · j dv −

∫
∂B
δA · k da︸ ︷︷ ︸

δW2,ext

(40)

It should be noted that the integration in Eq. (40) is performed in the background
space.
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Remark 5. Ignoring the mechanical loads, body current j, and free surface current
kf , Eq. (36) can be reduced as∫

Bm
[σ + M ⊗ B − (M · B)I] : δl − div(−M ⊗ B + (M · B)I) · v dv = 0 (41)

Considering the relations ∇ × M = 0 and ∇ · B = 0, it can be verified that
div(−M ⊗ B + (M · B)I) = 0, and thus we can obtain∫

Bm
[σ + M ⊗ B − (M · B)I] : δl dv = 0 (42)

In this case, with σ = JPF−T and Eq. (33), we can define an equivalent stress as

σeqv = J
∂ψR

∂F
F−T + M ⊗ B − (M · B)I (43)

with which we may be able to develop a simplified computation scheme with a
prescribed B.

Remark 6. When the magnetization M is generated from magnetizable soft ferro-
magnets, rather than permanent magnets, based on Remark 4, Eq. (40) should be
revised as

δW2 =
∫
B

1
μμ0

δB · B dv −
∫
B
δA · jf dv −

∫
∂B
δA · kf da (44)

3.2. Discretization

In the FE discretization, the entire domain B is assumed to be discretized into ne

elements, i.e.,

B = Bm ∪ Bf =

⎛
⎝ nm

e⋃
e=1

Bm
e

⎞
⎠ ∪

⎛
⎝ nf

e⋃
e=1

Bf
e

⎞
⎠ (45)

where nm
e and nf

e are the total element number in MAE and free-space domains,
respectively, and have the relation of ne = nm

e + nf
e. The interpolation of displace-

ment vector and vector potential on an element can be expressed as

δuh =
nd∑
i=1

Nuiδui, Δuh =
nd∑
i=1

NuiΔui (46)

δAh =
nd∑
i=1

NAiδAi, A
h =

nd∑
i=1

NAiAi (47)

where Nui and NAi are interpolation functions corresponding to node i for dis-
placement and vector potential fields, δui and Δui are the virtual and incremental
displacement of node i, δAi and Ai are the virtual and total vector potential of node
i, and nd is the total node number of the element.
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The vector forms related to the gradient of displacement and the curl of vector
potential are written as

(∇Rδu)h =
nd∑
i=1

Buiδui, (∇RΔu)h =
nd∑
i=1

BuiΔui (48)

(∇× δA)h =
nd∑
i=1

BAiδAi, (∇× A)h =
nd∑
i=1

BAiAi (49)

where Bui and BAi are generalized strain matrix consisting of the derivatives of
Nui and NAi, respectively. Substituting Eqs. (46) and (48) into Eqs. (36) and (37),
we can obtain the discretized balance equation in the mechanical field in Bm,

R = f int − f ext = Anm
e

e=1

∫
Bm

eR

BT
uPdvR

−Anm
e

e=1

(∫
Bm

e

NT
u (fb + j × B)dv +

∫
∂Bm

e

NT
u (ts + k × B) da

)
(50)

where A denotes the assembly operator, Bm
eR is the reference domain of the element

Bm
e . Using Eqs. (38) and (48), the increment equation in the mechanical field can

be expressed as

KtΔu = −R (51)

where the tangent stiffness matrix can be expressed as

Kt =
neA

e=1

∫
Bm

eR

BT
u DuBu dvR (52)

and the constitutive matrix Du is composed of the elements of C in Eq. (39), which
is the same as that for classical hyperelastic materials.

For the discretized governing equation in the magnetic field in B, using Eqs.
(40), (47) and (49), we can obtain

KgA = Jg (53)

where the stiffness matrix and the generalized force are respectively expressed as

Kg = Ane
e=1

∫
Be

1
μ0

BT
ABA dv, Jg = Ane

e=1

(∫
Be

NT
Aj dv +

∫
∂Be

NT
Ak da

)
(54)

In the next section, we discuss how to solve the discretized governing equations
numerically.

3.3. Staggered solution scheme and mesh distortion

From the weak forms in Eqs. (36) and (44), it is found that the two physical fields
interact with each other via the magnetic forces and the variation of location and
magnitude of currents. Thus, it is suitable to use a staggered solution scheme to solve
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Fig. 2. Flowchart for the iteration process of the proposed staggered solution scheme in one load
step.

the governing equations of MAEs. As shown in Fig. 2, in the iteration process of one
load step, a fixed increment of current is first given as generalized external loads,
and then the magnetic induction can be solved based on Eq. (53) in the MAGNETO
substep. After obtaining the updated magnetic flux at the Gauss and nodal points,
the external force fext on the right-hand side of Eq. (50) is then updated, and an new
equilibrium configuration of B can be calculated using the Newton-Raphson scheme
in the MECHANO substep. The iteration continues until the results converge based
on the required criterion. The detailed iteration procedures are given in Table 1. It
should be noted that the error indicator eA for the staggered iteration differs from
that eu in the MECHANO substep, and are, respectively, defined as

eA = ‖A
s,t − A

s,t−1‖/‖A
s,t−1‖, eu = ‖Δuadj‖/‖u‖ (55)

where s and t are the load step number and staggered step number (see Table 1),
respectively, and Δuadj are displacement increment of two adjacent steps in the
Newton-Raphson scheme in the MECHANO substep, while u is the total displace-
ment. In the following examples, the tolerances for eA and eu are taken as 10−6.

It is noted that the solution domains Bm and B for the weak forms Eqs. (36) and
(44) in the two fields are not compatible with each other. The material domain Bm

will change its shape in the deformation process while the free space domain Bf will
not. This incompatibility will result in the gaps or penetrations along the interface
between the domain Bm and the domain Bf . The remeshing approach in the free
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Table 1. Flowchart of the proposed staggered iterative scheme in one load step.

(a) Start load step s: prescribe increments of (free or localized) currents, Δjs and Δk̄s, update
the currents in the current load step, js−1 + Δjs → js, set the iteration step t = 1;

(b) MAGNETO substep: Solve Eq. (53) for fixed js and ks in the current configuration Bs,t−1,
obtain As,t at each node, calculate Bs,t at each Gauss point, and extrapolate Bs,t from Gauss
points to nodal points;

(c) MECHANO substep: Calculate the magnetic force using js, ks and Bs,t, iteratively solve
the equilibrium equation in Eqs. (50) and (51), obtain the total incremental displacement
Δus,t for prescribed currents js and ks using the Newton-Raphson Scheme, and update
nodal coordinates xs,t−1 + Δus,t = xs,t and stress σs,t in the new configuration Bs,t;

(d) If eA > eA,Tol, the results are not converged, let t = t + 1, start another round of iteration,
and go to step (b); Otherwise, the results are converged, let xs,t → xs+1,0, As,t → As+1,0,
B

s,t → B
s+1,0, s = s + 1 and go to the next load step (a).

space [Pelteret et al., 2016] may be used to deal with such a problem, however, it
should be very time-consuming and even technically tricky.

To resolve this problem, a much larger size of free space domain Bf is introduced
in the model and discretized by deformable meshes and is assumed to have a neg-
ligible elastic or shear modulus (e.g., 10−10 times of the modulus of MAE). This
treatment enables us to model the coupling mechano-magnetic behaviors of MAEs
without obviously affecting the calculated results in both fields. The relatively tiny
stiffness added in the free space has negligible influence on the deformation of the
elastic body, and the relatively large size of the free space Bf in the model ensures
the calculated accuracy for the magnetic flux around Bm even if the shape of domain
B changes in the deformation. Consequently, the integration domain in the virtual
work, Eq. (36), has to be extended to the entire solution domain B, while the dis-
placement boundary conditions are still imposed on ∂Bmu as usual. Because the free
space deforms with the elastic body, the mesh quality near to ∂Bm will be automat-
ically adjusted in the numerical simulation, so as to avoid severe mesh distortions
when large deformations occur in the elastic body.

To overcome the possible near singularity of the stiffness matrix caused by the
extremely small stiffness of the free space, the governing equation Eq. (51) is refor-
mulated in a block form as[

Kmm Kmf

Kfm Kff

]
︸ ︷︷ ︸

Km

{
Δum

Δuf

}
︸ ︷︷ ︸

Δu

= −
{

Rm

Rf

}
︸ ︷︷ ︸

R

(56)

where Δum and Δuf are displacement increments in the MAE and the free space,
respectively, and Rm and Rf are the corresponding unbalance forces. The magnitude
of the elements in Kmm should be much larger than Kff , because the stiffness of the
elastic body is much larger than that of the free space assigned with a small digit.
The equation for solving Δum can be obtained by

(Kmm − KmfK−1
ff Kfm)Δum = −Rm + KmfK−1

ff Rf (57)
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It can be easily observed that the elements in new stiffness matrix Kmm − Kmf

K−1
ff Kfm have almost the same order magnitude and thus it is well conditioned.

Therefore, the issue of near singularity of Km is resolved.

3.4. The Riks method

To apply the Riks method to solve the governing equation, j and k are decomposed
into a fixed part and a variable part,

j = jf + jv = jf + αjp, k = kf + kv = kf + αkp (58)

where jf and kf are the fixed parts of currents which do not change in the simula-
tion, jv and kv are variable parts of currents which are generally expressed as the
product of a scalar α and corresponding fixed pattern jp and kp. In this scheme, α
becomes a generalized load factor. Because we employed a linear constitutive equa-
tion Eq. (8) in the magnetic field, the vector potential and the magnetic flux can
be decomposed as

A = Af + αAp (59)

B = Bf + αBp (60)

where Af and Bf are fixed parts caused by jf and kf , and Ap and Bp are their
patterns induced by jp and kp.

For brevity, the external force in Eq. (50) is written as

f̄ [j,k,B] = Anem
e=1

(∫
Bm

e

NT
u (j × B) dv +

∫
∂Bm

e

NT
u (k × B)da

)
(61)

Then, based on Eqs. (58)–(60), the external force caused by the magnetic field in
Eq. (50) can be expressed as a fixed part fext

f and a variable part fext
v

f ext = f ext
f + f ext

v (62)

where

fext
f = f̄ [jf , kf , Bf ] (63)

f ext
v = α(̄f [jp,kp,Bf ] + f̄ [jf ,kf ,Bp]) + α2f̄ [jp, kp,Bp] (64)

The increment of fext can be calculated as

Δfext = Δα(̄f [jp,kp,Bf ] + f̄ [jf ,kf ,Bp]) + 2αΔαf̄ [jp,kp,Bp] = Δαf̄ext
v (65)

where the force pattern vector is f̄ext
v = f̄ [jp,kp,Bf ] + f̄ [jf ,kf ,Bp] + 2αf̄ [jp,kp,Bp].

Therefore, in the Riks solution framework, the incremental equation for Eq. (51)
is modified as

KmΔu = −R + Δαf̄ ext
v (66)
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Table 2. The flowchart of the Riks solution scheme in a load step.

(a) Start load step . . . , and set the iteration step q = 1;

(b) MAGNETO substep: Solve Eq. (53) for given fixed currents jf and kf and pattern currents
jp and kp to obtain A

r,s
f and A

r,s
p at each node; calculate B

r,s
f and B

r,s
p at each Gauss point,

and extrapolate them from Gauss points to nodal points.

(c) MECHANO substep: Calculate the stiffness matrix Ks,t
t , the unbalanced force Rs,t the mag-

netic pattern force (̄fext
v )s,t based on results at iteration step t. Solve Eqs. (66) and (67) to

obtain Δus,t and Δαs,t; Update nodal coordinates xs,t−1 + Δus,t → xs,t and stress σs,t in
Bs,t and update the scalar factor αs,t−1 + Δαs,t → αs,t and magnetic flux using Eqs. (59)
and (60).

(d) If eA > eA,Tol, the results are not converged, let t = t + 1, and go to step (b) to start
another iteration; Otherwise, the results are converged, let xs,t → xs+1,0, A

s,t → A
s+1,0,

B
s,t → B

s+1,0, αs,t → αs+1,0, s = s + 1 to start the next load step.

To solve the Eq. (66), an arc-length equation related to Δu and Δα is introduced as

Δu · Δu + ξΔα2 = ρ2 (67)

where ρ is the arc length that controls the step size in the calculation, and ξ is a
scaling parameter. Here, ξ is taken as zeros.

The detailed iteration procedures for the Riks scheme to solve this problem are
presented in Table 2. The error indicator eA is defined as

eA = ‖A
s,t − A

s,t−1‖/‖A
s,t−1‖ (68)

where s and t are the load step number and iteration step number, respectively.
Other issues in the Riks solution scheme, such as automatic adjustment of ρ and
selection strategy of Δα can refer to our previous work [Liu et al., 2017].

3.5. Specification in 2D cases

For two-dimensional (2D) problems, the solution framework can be simplified in a
(x, y) coordinate system. The vector potential is reduced to A = Az�, where � is a
unit vector perpendicular to the x-y plane. The magnetic flux becomes

Bx =
∂Az

∂y
, By = −∂Az

∂x
(69)

If neo-Hookean model is utilized to describe the mechanical constitutive relation of
the materials, the strain energy function can be expressed as

ψR =
1
2
G(C − 3 − 2 log J) +

1
2
K(J − 1)2 (70)

where G and K are the shear modulus and the bulk modulus, respectively. Using
Eqs. (33) and (39), the stress and tangent modulus can be obtained as

P = G(F − F−T) +KJ(J − 1)F−T (71)

Cijkl = G(δikδjl + F−1
jk F

−1
li ) + (2J − 1)F−1

ji F
−1
lk (72)
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Because the material is nearly incompressible, i.e., K � G, the F-bar method
[de Souza Neto et al., 1996] is employed to deal with the volumetric locking problem
encountered in the analysis. A 2D quadrilateral element with bilinear interpolations
for both displacement and vector potential fields is developed and used in our in-
house codes.

4. Numerical Examples

In this section, we present a few 2D examples to demonstrate the efficiency of the
solution framework for modeling the coupled mechano-magnetic behaviors of MAE,
including a soft MAE bar with 1D elongation for verification, a cantilever MAE
beam with body current in uniform magnetic field and two current-loading cantilever
beams for large deformation in non-uniform magnetic field, and pull-in and snap-
through instabilities of MAE beams for further demonstration. In these examples,
non-dimensional data are used to present the results and unless specifically noted,
we utilize the staggered solution scheme to solve the problem.

4.1. Elongation of a MAE bar

As shown in Fig. 3, a soft MAE bar with dimension L0 × h0 = 0.5 × 0.05 is placed
in a uniform magnetic field B̄x, where L0 and h0 are its initial length and thickness,
respectively, and B̄x is parallel to the x axis. The displacements at y = h0

2 in the y
direction are constrained so that the bar only allows 1D elongation. Surface currents
−kz� and kz� are applied at the top and bottom surfaces, which will generate a
pressure on the beam due to the magnetic force induced by the magnetic field to
elongate the beam along the x direction.

The magnetic flux near to the elastic bar can be assumed to be uniform and
equal to B̄x in the case that B̄x is far larger than the magnetic flux produced by
−kz� and kz�. In this case, the deformation gradient becomes F = diag(λ, 1

λ) due
to the material incompressibility, where λ = L/L0 is the stretch ratio in the x

Fig. 3. Schematic of a soft MAE bar with surface current embedded in a uniform magnetic field.
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direction, and L is the deformed length of the elastic beam. For the convenience of
theoretical analysis, the strain energy function is modified as

ψR =
1
2
G(C − 3 − 2 logJ) + p(J − 1) (73)

where p is a Lagrange multiplier enforcing the incompressible condition of the mate-
rial, then the Cauchy stress can be obtained as σ = G(FFT − I) + pI. Substituting
F into the constitutive equation, we can obtain the equilibrium equations⎧⎪⎨

⎪⎩
G(λ2 − 1) + p = 0

G

(
1
λ2

− 1
)

+ p = kzB̄x

(74)

After eliminating p in Eq. (74), it can be easily obtained that

1
λ2

− λ2 =
kz

G
B̄x (75)

Solving Eq. (75), we can obtain the relation between λ and the non-dimensional
surface current B̄x

G kz .
In the FE simulation, the uniform magnetic field is applied by prescribing a

vector potential at the boundary of the free space, ∂Bf , as Az = ωy, where y is
the node coordinate at ∂Bf and ω is a scalar characterizing the magnitude of the
magnetic flux. From Eq. (69), it is obtained B̄x = ω if the magnetic field generated
by the surface currents kz is ignored. Three values of ω=1, 0.1 and 0.05 are taken
in the simulation. The final non-dimensional current ω

Gkz is fixed to be 2.0 and a
total of 20 load steps with equal increments are used in the simulation.

The evolution of the stretch λ and the x-directional magnetic flux at the central
point of the beam O(L0

2 ,
h0
2 ) are shown in Figs. 4(a) and 4(b), and the distributions

(a) (b)

Fig. 4. Evolution of (a) the stretch λ and (b) the nominal magnetic flux BOx/ω at the central

point O(L0
2

, h0
2

) with respect to ωkz
G

. Three values ω = 1, 0.1, 0.05 of the external magnetic flux
are considered.
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Fig. 5. Distribution of the magnitude of the magnetic flux ‖B‖ in the deformed configurations
for different values of ω and kz . The results are extracted at (a, c and e) middle load steps with

current ωkz
G

= 1 and (b, d and f) the last load steps with current ωkz
G

= 2. It is noted that the
solid dark lines inside the domain are the magnetic flux lines and the dash lines are the boundaries
of the reference configurations. The deformed FE meshes are shown in a light gray color.

of magnitude of magnetic flux ‖B‖ =
√

B2
x + B2

y at the final load step are given in
Fig. 5. For a large external magnetic field with ω = 1, the magnetic field produced by
the surface current has little influence on the external one and thus ‖B‖ shows a uni-
form distribution across the entire domain with a value Bx = ω = 1 (Figs. 4(b) and
5(a)). In this case, the stretches obtained from the FE simulation and the analytical
solution in Eq. (75) agree very well (Fig. 4(a), the black line and dots), which demon-
strates the validity and accuracy of the developed FE model. For a smaller ω of 0.1
or 0.05, the FE solutions for λ deviate from the analytical one (Fig. 4(a)) because
the surface currents significantly affect the external magnetic field (Figs. 4(b) and
5(b)–5(c)). The magnetic flux induced by the surface current has an opposite direc-
tion with the external magnetic field inside Bm, leading to a decrease of the resulting
magnetic field (Figs. 4(b) and 5(b)–5(c)). An interesting phenomenon for the case of
ω = 0.05 is that λ increases first and then decreases (Fig. 4(a)), indicating that the
beam first elongates and then shortens as kz increases. This is because the surface
currents exert repulsive force with each other due to their opposite directions, and
this repulsive force dominates for large kz, leading to an expansion of the beam in
the y direction and a shrinkage in the x direction.
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From this example, several advantages of the proposed FE procedures in mod-
eling MAE can be found: (1) The strong interaction between magnetic field and
mechanical deformation is well characterized. For instance, in Fig. 5(c), localized
changes of the magnetic flux in Bm are captured for a small external magnetic
field, while B is maintaining uniformity in the free-space domain Bf despite large
deformation of the mesh, indicating the effectiveness of the method for applying the
boundary condition of the magnetic field. (2) No mesh distortion problem exists in
the free space (Figs. 5(b)–5(c), the deformed mesh) due to the automatic adjust-
ment of the mesh in free-space along with MAE mesh. (3) The convergence speed is

Fig. 6. Evolution of eu in Eq. (58) in the first ten load steps for modeling the 1D elongation of
the soft MAE bar with (a) ω = 1, (b) ω = 0.1 and (c) ω = 0.05. The inserted numbers in each load
step are the total numbers of the staggered steps and the iteration steps in the Newton-Raphson
scheme of each MECHANO substep.
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satisfying, especially for the case with larger values (ω = 1). For instance, as shown
in Fig. 6 for the evolution of eu (Eq. (58)) in the first 10 load steps, it usually takes
about 2 or 4 staggered iteration steps in a load step to reach converged results.

4.2. Bending of a cantilever beam

In this example, a cantilever beam made of soft MAE is considered, with the same
dimension L0 ×h0 = 0.5×0.05 as described in Example 4.1 (Fig. 3). A body current
jz� is applied onto the MAE beam, while its left end at x = 0 is clamped. Two
different external magnetic fields ω = 0.02 and 0.002 are considered. The beam will
bend upward with the applied upward magnetic body force. In the FE simulation,
the maximum value of ω

G jz is set to 0.1 and twenty load steps with equal increment
step size are used.

The evolution of non-dimensional displacement uP y

L0
and magnetic flux ‖BP ‖

ω at
point P with the initial coordinate (L0, h0) are presented in Figs. 7(a) and 7(b),

Fig. 7. Evolution of (a) the non-dimensional displacement and (b) magnitude of magnetic flux
with respect to the body current. (c) and (d) are the deformed shapes and distribution of magnetic
flux for different external magnetic field with ω = 0.02 and 0.002, respectively.
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while the distributions of magnetic flux at the last load step are given in Figs. 7(c)
and 7(d). The deformation shape in Fig. 7(c) qualitatively agree with the experiment
results of a soft beam embedded with hard magnets in a uniform magnetic field
[Zhao et al., 2019]. It can be seen that for both cases, the large bending behaviors
of the beam are well captured in the simulation and the non-dimensional Von Mises
stress σeqv

G and Green strain component Exx are consistent with the results of the
bending of a cantilever beam (Fig. 7(a)), where the maximum stress and strain
are located at the top and bottom surface near to the clamped end. The magnetic
force Fmag distributing across the entire beam and along the upward direction is
the actuation force for the bending of the beam. Though the mesh in free space
shows a large rotation, it does not affect the uniform distribution of the external
magnetic field when it is much larger than the one produced by the body current
jz� (Fig. 7(c)). For a smaller external magnetic field ω = 0.002, it requires larger
current in the elastic beam to reach the same degree of bending and the magnetic
flux becomes non-uniform and both its direction and magnitude show spatial change
(Fig. 7(d)). The magnetic flux at the tip of the beam decreases for a small ω while
it remains a constant for a large ω (Fig. 7(b)), which is consistent with results in
Figs. 7(c) and 7(d). With concurrent rotation of the mesh in both free space and
MAE, this approach can well capture the variation of the magnetic field together
with the large rotation of the beam without remeshing.

4.3. Interactions between a pair of MAE beams

As shown in Fig. 8, a pair of cantilever MAE beams are clamped on the wall, with
an equivalent magnetic field generated through applying body currents jz of same
magnitude in the z direction. The geometry dimension of the beam is L0 × h0,
where L0 = 50

3 h0 and the distance between the two beams is d0 = 20
3 h0. Actuated

by the magnetic force, the beams can bend upward or downward depending on the
directions of the applied currents in the analysis [Jackson, 1999]. When opposite

Fig. 8. Schematic plot of two parallel current-loading cantilever beams.
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Fig. 9. (Color online) (a, b) Displacement at point Q and magnetic flux at point P as a function
of the magnitude of applied currents in either opposite or same directions. (c, d) Contour plots of
magnetic field in the deformed configuration. (e, f) The magnetic forces, Von Mises stresses, and
Green strains in the two different cases.

directional currents are applied onto the two beams, they will repel each other and
bend oppositely to the separating directions (Figs. 9(a) and 9(c)). As expected, the
non-dimensional magnetic flux ‖BP ‖/(

√
L0h0μ0jz) at point P decreases with the

applied current (Fig. 9(a)). It should remain a constant if the beams are composed
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of a rigid conductor since ‖BP ‖ is proportional to jz in this case. On the other hand,
if the same directional currents are applied onto the beams, they will attract to each
other (Fig. 9(d)) and the non-dimensional magnetic flux at point P will increase
with jz (Fig. 9(b)). It can be seen that the magnetic flux is not proportional to the
applied current magnitude because of the deformations of the two beams. Thus, the
deformation of the two beams has significant effect on the variation of the magnetic
field. Also, due to concurrent adjustment of mesh shape in free space, no mesh
distortion appears in the studied range of bending degree.

4.4. Interaction of a current-loading beam with an electromagnet

In this example, a cantilever beam with surface currents kzv at its top and bottom
surfaces is placed in a magnetic field generated by an electromagnet (Fig. 10) which
is equivalent to surface current kzf satisfying kzf = 10kzv. The dimension of the
beam is L0 × h0 with L0 = 10h0 and its distance to the top surface of the magnet
is d0 = 0.5L0. In the FE simulation, two cases with different relative permeability
in the MAE beam are considered, i.e., μr = 1 and 100, which represent an ordinary
deformable media and a magnetizable one, respectively. The electromagnet itself
is assumed to be a rigid magneto-unresponsive material with an equivalent shear
modulus 103 times larger than that of the beam.

Due to the interaction between the currents in the cantilever beam and electro-
magnet, the beams bend upward in both cases (Figs. 11(a) and 11(b)). The mag-
netic forces show opposite directions at the top and bottom surfaces (Figs. 11(c) and
11(d)), and the resulting force leads to an upward motion of the beam. Comparing
the results in Figs. 11(a) and 11(b), the magnetic flux shows maximum value at
different places, that is, for a higher permeability media in the beam, the magnetic
flux is concentrated inside the beam (Fig. 11(b)), while the maximum value is found

Fig. 10. Schematic of a current-loading cantilever beam and an electromagnet.
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Fig. 11. Distribution of magnetic flux in the deformed configuration for different relative perme-
ability of the beam (a) μr = 1 and (b) μr = 100. (c) and (d) are plots of the magnetic forces, Von
Mises stress, and a component of Green strain in the beam for μr = 1 and μr = 100, respectively.

near the currents in the electromagnet for low permeability media. In addition, the
stress and strain in the beam also show differences for the two cases. The maximum
Von Mises stress for the case μr = 1 is near the clamped end (Fig. 11(c)), but in the
middle of its surface for the case μr = 100 (Fig. 11(d)). This example also indicates
that the mesh shape in the free space adjusts itself automatically in this numerical
scheme, which allows for the superior modeling of the concurrent redistribution of
the magnetic field and mechanical deformation without remeshing.

If the direction of surface current on the cantilever beam is changed, it bends
downward and shows pull-in instability at a critical current, which means that the
deflection of the beam abruptly increases due to the increasing attraction of the
electromagnet. Here, we use the developed Riks solution scheme to solve the non-
monotonic evolution of the equilibrium path. From Fig. 12(a) for the y-directional
displacement at point P, it can be easily identified that the beam has pull-in insta-
bility at point A (see configuration in Fig. 12(b) if the current continues to increase.
It means that at point A, the beam bends sharply to a large degree and jumps to
another configuration which is attached to the electromagnet. Additionally, though
the free-space mesh distorts severely at configuration B (Fig. 12(c)), the solution
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Fig. 12. (a) Evolution of y-directional displacement with respect to the non-dimensional current.
(b) and (c) are the configurations at the states of point A and B shown in (a). The relative
permeability of the beam is μr = 1.

scheme still finds converged results, indicating the robustness of the developed solu-
tion scheme.

For the beam in Fig. 10, we set kzv = 0 and μr = 100, and constrain the displace-
ment at the bottom surface of the beam, i.e., y = d0. Due to higher permeability
in the block compared to the free space, it has perturbation on the distribution
of magnetic flux produced by the electromagnet (Fig. 13a). The block has a total
upward magnetic force nonuniformly distributed at its top surface (Fig. 13b), which
leads to larger strain and stress at its two ends and slight thickening of the whole
block.

Fig. 13. (a) Distribution of magnetic flux in the deformed configuration at a non-dimensionalized

current L0h0
G

μ0k2
zf = 88. (b) Distributions of magnetic force, Von Mises stress, and a component

of Green strain in the block.
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4.5. Snap-through of a current-loading beam

In this example, we have performed a snap-through analysis of a simply supported
MAE beam to further demonstrate the efficiency of the developed Riks solution
scheme. As shown in Fig. 14, due to the unsymmetrical distribution of current
(with respect to the x-axis), the beam shows a self-bending deformation due to
the interaction of the current. The relative permeability of the beam is set to be
μr = 100. The variation of the displacement at the Point P (Fig. 14) shows a
snap-through behavior of the beam, as shown in Fig. 15(a), indicating that the
beam jumps from configuration at Point A (Fig. 15(b)) to configuration at Point B
(Fig. 15(c)) with a much larger bending degree. The magnetic flux in the beam is
much larger than that in the free space due to its larger μr.

Despite of the ignored inertia effect, it is noted that the model is able to predict
the limit point on the equilibrium path where the snap-through or pull-in insta-
bility occurs, as shown on the equilibrium path in Figs. 12(a) and 15(a). This is

Fig. 14. Schematic of a simply supported beam with a current loading.

Fig. 15. (a) Evolution of y-directional displacement at point P with respect to the non-
dimensional current. (b) and (c) are deformed configurations and distribution of magnetic flux
at the state of Point A and Point B shown in (a), respectively.
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essentially important because we can identify the critical applied current (or mag-
netic field) that triggers the shape transition in the process of pull-in instability
or snap-through. To model the dynamical process after the instability occurs, the
terms related to the inertia effect should be added in the governing equations, and
this issue will be studied in our future work.

5. Conclusion

In this work, we have developed a finite element framework to model the strongly
coupled mechano-magnetic behaviors focusing on large deformation and instabil-
ity of slender MAE structures. The magnetic flux is assumed to be an Eulerian
quantity measured in the static spatial coordinate system, and thus the Cauchy
stress does not directly relate to the magnetic flux. In this way, the mechanical field
and magnetic field interact with each other via magnetic forces on the currents and
variation of spatial location of body and surface currents. Based on the modified
continuum theory, a staggered solution scheme and a Riks method-based scheme
have been developed to solve the discretized FE equations, which ensures the vari-
ables in both magnetic and mechanical fields are calculated simultaneously. The
accuracy and convergence of the model were verified by a 1D MAE bar. Several
2D examples are constructed to demonstrate the efficiency of the model for large
deformation and instability of MAE structures within non-uniform magnetic field.

Since the vector potential is used as the unknown in the magnetic field, rather
than the scalar potential [Bustamante et al., 2011; Ethiraj and Miehe, 2016], the
solution framework can be further extended to 3D MAE with free body currents.
Though the developed model has been proved efficient to model large deformation
in slender MAE with non-uniform distribution of magnetic field, it is noted that for
the interactions between two or multiple MAE objects, the solution scheme may
still experience mesh distortion challenges due to the severe deformations of the
mesh in the free space. To resolve this issue, two sets of mesh in the simulation
may be needed, i.e., static mesh for the analysis of magnetic field in the background
space and deformable mesh in MAE to capture its deformation field. The modeling
framework may be combined with other advanced constitutive models [Taghizadeh
and Darijani, 2018] or temporal-spatial integration algorithms [Li et al., 2018] to
simulate realistic magneto-active hydrogels actuators [Li et al., 2019; Liu et al., 2015;
Zheng et al., 2018] so as to provide insights for quantitative designs. In addition,
experimental verifications for the numerical models are also needed to be performed
in particularly for the instability phenomena, which should be considered in future
work.
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